FREENESS AND MULTIRESTRICTION OF 
HYPERPLANE ARRANGEMENTS 



MATHIAS SCHULZE 



Abstract. Generalizing a result of Yoshinaga in dimension 3, we show that 
a central hypcrplanc arrangement in 4-space is free exactly if its restriction 
with multiplicities to a fixed hyperplane of the arrangement is free and its 
reduced characteristic polynomial equals the characteristic polynomial of this 
restriction. We show that the same statement holds true in any dimension 
when imposing certain tameness hypotheses. 
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1. Introduction 

One of the main themes in the study of hypcrplanc arrangements is the relation 
of combinatorial and algebraic or topological data associated with arrangements. 
In the present article we are concerned with the relation of characteristic polyno- 
mials of restrictions on the combinatorial (and topological) side and freeness (of 
the module of logarithmic differentials/derivations) on the algebraic side. One of 
the main open problems in this field, Terao's conjecture, states that freeness is a 
combinatorial property for simple arrangements. 

Let A be a simple central arrangement of m hyperplanes in an ^-dimensional 
vector space V over a field K of characteristic 0. Its intersection lattice La, or- 
dered by reverse inclusion, is a geometric lattice with rank function equal to the 
codimension in V. Note that V is the unique minimal element in La- The Mobius 
function of La is the map 

(i: La — > Z 
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defined recursively by the equalities 

l*{V) = 1, 

(1) Viei^M: £ M^) = o. 

X>Y<EL A 

It determines the characteristic polynomial of A, defined as 

X (A,t)= ^{X)t d ™ x . 

X£L A 

By (1), x(A, 1) = and the quotient 

(2) xo(A,t) = X (A,t)/(t-l) 

is called the reduced characteristic polynomial. For complex arrangements, it is 
equivalent to the Poincarc polynomial ir(A,t) = irx(A,— 1^ 1 ) of the complement 
of the arrangement by [OS80]. 

The complex tt m (A) of logarithmic differential forms along a multiarrangement 
A with multiplicities k = {k^H&A consists of the S- modules 

!P(A) = L G ±Q P V I Vtf G A: A w G ^ v +1 | , 

and it is closed under exterior product. The module ^(A) and the S-module of 
logarithmic derivations 

D(A) = Di(A) = {Se D v \ MH eA: 5{a H ) G a k H H S}, 

where Dy = Deric(S, 5) denotes the S'-module of polynomial vector fields on V, 
are mutually S-dual. In particular, ^(A) and D(A) are reflexive S-modules. If 
one of them is a free S'-module then A is called a free arrangement. 

Consider now a fixed hyperplane H G A and the multiarrangement restriction 
A H of .4 to H. If .4 is defined by Q = U H 'eA a H' e S = SymF*, and H by 
a H G V*, then _4 ff is defined by 

Off = — li/e S' = SymF*. 
an 

For any W G -4\{H} the natural multiplicity of if n IT G A H is 
fcffnff' = #{#" G -4\{#} \ H C\ H' = H C\ H"}. 

In order to formulate our main result, we extend the well-known notion of tame- 
ness for arrangements. 

Definition 1. We call A tame if 

(3) Vp= 1, ...,£- 1: pdimn p (A) < p. 

If (3) holds for Q P (A) replaced by D P (A), we call A dually tame. We speak of 
weak tameness, in both cases, if (3) holds for p = 1. 

Note that all 3-arrangements are both tame and dually tame. For locally free 
arrangements, such as, for example, generic arrangements, weak tameness coincides 
with ordinary tameness by [MS01, Cor. 5.4]. 

Yoshinaga [Yos05, Cor. 3.3] proved our following main result for I — 3. For the 
proof we shall use his result [Yos04, Thm. 2.2] for I > 3 and extend his approach 
in [Yos05]. 
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Theorem 2. Assume that i < 4 or that A is weakly (dually) tame. Then A is free 
if and only if A is free with exponents d' 2 , . . . , d' t and 

i 

(4) X o(A,t) = U(t-d' k ). 

k=2 

The 'only if part holds true for all I > 3 by [Zie89b, Thm. 11] and Terao's 
factorization theorem [Tcr81]. 

Assuming freeness of A , condition (4) has the following geometrical interpre- 
tation. Let A s be the restriction of A to the afhne space H s defined by an = s. 
By the natural K*-action, the arrangements A s , s =/= 0, form a trivial family of 
non-central simple arrangements and A can be identified with the cone of A s , for 
any s^O. Then [OT92, Prop. 2.51] shows that 

Vs^O: X (A s ,t) = X o(A,t). 

On the other hand, the right hand side of (4) equals the characteristic polynomial 
x{A H ) of the multiarrangement A H = Aq as defined in [ATW07]. So condition 
(4) can be interpreted as the family A s being trivial on the level of characteristic 
polynomials. However, we do not know a concept of characteristic polynomial 
that covers both the central multiarrangement case and the non-central simple 
arrangement case. 

Whether our result has any implications on Terao's conjecture is, a priori, un- 
clear. For instance, Ziegler [ZieS9b, Prop. 10] showed that exponents of multiar- 
rangements are not combinatorial in general. 



2. MULTIRESTRICTION OF LOGARITHMIC FORMS 

Our starting point is a construction from [Yos05]. Let M* denote the image of 
the restriction map 

(5) res^: CI' (A) — >• Cl'(A H ), — A n + a ^ <j\ h , 

CtH 

and let C be its cokernel. Then res* factors through a _ : ^» a ft» 

into the residue map 

(6) — AST (A) -^n'(A H ). 

As the complex (£l'(A), ^ A -) is exact by [OT92, Prop. 4.86], 

(7) V = n\A) = ^ a tf-\A) = ^ a 

Q an an Q 

By definition, 

(8) tf- x {A B ) = -±-tf£\ 

and it follows using (7) that C^ 1 = 0. Thus, C p ^ only for 1 < p < i - 2. 



Proposition 3. If A H is free and C 1 = then C* = 0. In particular, freeness of 
A implies C* = 0. 



4 



MATHIAS SCHULZE 



Proof. If A H is free then, by Saito's criterion [Zic89b, Thm. 8] and (8), 

n e - 1 (A H ) = l /\n 1 (A H ). 

So the proof of [OT92, Prop. 4.81] shows that 

p 

Vp = 0,...,£-l: n p (A H ) =/\fi 1 (^ H ). 

As restriction commutes with exterior product, these equalities and the surjectivity 
of res^ implies the surjectivity of res^, and hence C = as claimed. 

Now the second statement follows from [Yos05, Thm. 2.5] □ 

By [Yos05, Thm. 2.5, Cor. 2.6] and Terao's factorization theorem, the 'if part 
of the statement of Theorem 2 is equivalent to 

"(4) implies C 1 = for free A H '\ 

The following result is a first step in this direction. 

Proposition 4. If A H is free and (4) holds then dim(C p ) < £ — 4 for all p G 1. 

Proof. By [Yos05, Thm. 2.8], the Poincare series 

l-i 

(9) P(M',x : y) = J2P(M p ,x)yP 

of M' and $(A, x,y) of ft' (A) are related by the equality 

(10) ^ AfXt y) = J? + Vp(M',x,y). 

x(l — x) 

Assuming freeness of A H , Zicgler's dual version [Zie89a, Def.-Thm. 3.21] of [AT WO 7] 
and [ST87] shows that 

(11) x(A H ,t) = ]imP(Q, , (A H ),x,t(l-x) - 1), 

X— >1 

(12) xOM) = lim ®(A,x,t(l -x) - 1). 

x— >1 

As in [Yos05, (9)], combining (2), (9), (10), and (12) yields 

(13) X0 (At) = -L- hm X + t f ~ X ] ~ 1 ^ P{W, x)(t(l - x) 1)* 

x ^ x ^ ' p=0 

= lim P(M',x,t(l -x)- 1), 

X — ¥l 

and hence, applying (11) and (13) to the exact sequence 

(14) -> M' ->■ n'{A H ) -> C -> 0, 
we obtain 

(15) x(-A H ,t) - X o(A, t) = lim P(C',x, t(l - x) - 1). 
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Recall that C° = = C^ 1 and set PP(x) = (-l) p P{C p ,x) for p = 0, . . . ,£ - 1. 
Assuming (4), the left hand side of (15) vanishes, and we compute 



(16) 



0= limP(C*,x, (-i)(l-x)-l) 



lira V(t(l-x) + l) p P p (x) 

p=0 r=0 ^ / 



r— p— r v ' 

Considering (16) as an equality of polynomials in (K[x])[f] shows that 



r = 0,...,£-2. 



In particular, for each k = 0, 



(17) 



2. we have 



p—r 



lim^ -x) fe P p (x) = 0, r = 0, . . . , fc. 



For fc = £ — 2, the matrix of the system of linear equations (17) has full rank. By 
induction on the pole order of P*(x), it follows that 



(18) 



lim(l -x) m P p {x) = 0, p =!,...,£ -2, 



holds for m = £ — 2. Thus, (17) for k — £ — 3 can be considered as a system of 
linear equations satisfied by (lim x _,.i(x — l) £ ~ 3 P p (x)) p= i ! ....£_2 with matrix 



(19) 



E) (?) (?) 

Q) 







( V) (V)\ 

( 7 3 ) ( 7 2 ) 

( a 8 ) (V) 

(V) (V) 



o (tD 



Using the relation X)fc=o(~ l) fe (fc) = 0> one can eliminate the lower subdiagonal in 
(19) by appropriate row operations, keeping all diagonal elements in IK*. Thus, 
(19) is invertible and (18) also holds for m = £ — 3. This means that I — 4 is an 
upper bound for the pole order of P(C p ,x) at x = 1 which equals dimC p , for all 
p = 1, ...,£- 2. The claim follows. □ 

The following statement for £ = 3 also follows from [Yos05, Thm. 3.2]. 

Corollary 5. Assume that A H is free and (4) holds. For £ = 3 ; dims C 1 = and, 
for £ = 4, dim K C 1 = dim K C 2 < oo. 
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3. Duality of multirestriction for forms and derivations 

To understand C e ~ 2 and deal with the case I = 4, the following trivial lemma 
will be useful. For simple arrangements, it is well known. We fix a coordinate 
system z\, . . . , Z£ 6 V* and set dz = dz\ A • • • A Z£. 

Lemma 6. Let A be a multiarrangement in V with multiplicities k = {k^HeA 
and defining equation Q £ S . 

(a) The inner product induces a S-bilinear pairing D(A) x Q P (A) — >• r2 p-1 (.4) 

(b) ( — ,dz) induces an isomorphism of graded S-modules D(A) = Qil e ~ 1 (A). 

Proof. 

(a) Let | £ nP(A) and£ £ D(A). Thcnda H Auj £ a^VL^ 1 and£(a ff ) £ a k H H S, 
which implies that 

(20) da H A <£, u) = (£, da H Aw)l £ a*f . 

Thus, ^,|) = ^ 6^(4 

(b) By part (a), each £ £ -D(*4) defines an ^-linear map 

n e (A) ^n^(A) 

which associates to £ an element = j^j £ Sl^ — 1 (^4) . One computes that 

(21) ^ A /^\ = %) dz 

which shows that £ i— > (£, ) is an isomorphism. □ 















Q 






dz 






~Q 



For the simple arrangement A, consider the module of derivations that are log- 
arithmic both along A and along the level sets of ag, 

D H {A) = D(A) n D(a H ) = {8 £ D(A) | 8(a H ) = 0}. 

Then, by [Zic89b, Thm. 11], there is a restriction map 

res H : D H (A) ^ D(A H ), 

and we denote by M its image and by C its cokernel. 

Proposition 7. There is an isomorphism C\m — 1] = C'' -2 o/ graded S 1 -modules. 
Proof. By Lemma 6.(b), there is an isomorphism of graded S- modules 

(22) {-,dz):D{A)^Q^- 1 {A). 
Using the Euler derivation \ 6 D(A), one can decompose 

(23) D(A) = S X ®D H (A). 

Then (21) shows that (d h (A), ^\ G ^^(A) is the kernel of ^ A-. Using that 
the complex (fl'{A), ^ A -) is exact by [OT92, Prop. 4.86], we conclude that 

dz \ dctji _ r^e.—%i 



D H (A), — ) = — An^(A). 

Q I OL H 

As M e ~ 2 is the residue of the latter module along H, (22) induces an isomorphism 
(24) M = D H {A)\ H = QhM 1 - 2 . 
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Again by Lemma 6.(b), there is an isomorphism of S"-modulcs 

(25) D(A H ) = Q H Q l - 2 (A H ). 

The claim follows by combining (24) and (25). □ 

Assume that I = 4, that A H is free, and that (4) holds. By Corollary 5, Propo- 
sition 7, and homogeneity, the cokernel C of res# is supported at G H only. 
Therefore, A is locally free along H by [Yos04, Thm. 2.1]. Then [Yos04, Thm. 2.2] 
yields the following result. 

Theorem 8. The statement of Theorem 2 holds true for I = 4. 

4. TAMENESS HYPOTHESES ON FORMS AND DERIVATIONS 

In order to apply the (weak) tameness hypothesis to (5) and (6), we need the 
following trivial result. 

Lemma 9. There is a direct sum decomposition Q 1 (A) = S^- © A Q 1 (A). 
Proof. Equality (20) with £ = \ shows that 

o _> S d -^L _, n 1 ^) -> A n\A) -> o 

Off «H 

is split exact, cf. the proof of [OT92, Prop. 4.86]. □ 

To see the relation with the direct sum decomposition (23), consider the split 
exact sequence 

(26) >D H {A) >D{A)— L ^S >0 

where 

(27) (p{6 ) = S -^ = (^,5 
Applying — v = Horns (— , S) to (26) yields a split exact sequence 

(28) 0< D H {AY < n 1 (A)^—S< 

By (27) and (28), we can identify tp y = ^ts., and hence 

d h {AY = n 1 (A)/s^- = —tL f\ n l (A). 

OLH OLH 

Theorem 10. The statement of Theorem 2 holds true if A is weakly (dually) tame. 

Proof. By [Yos05, Cor. 3.3] and Theorem 8, we may assume that t > 5. We 
consider the weakly tame case only; the weakly dually tame case can be treated 
along the same lines using the direct sum decomposition (23) instead of Lemma 9, 
and proving subjectivity of res/f instead of res^. 

By Lemma 9 and weak tameness, pdim s (^LH-AS! 1 (.4.)) < 1. Then also pdim s , M 1 < 
1 due to the exact sequence 

> dOH A Ql/ « dOH A Qlfjft > M l > Q 
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Indeed, if F, : F\ F is an S'-free resolution of A ft 1 (A), then F,/cxhF, is an 
5"-free resolution of M 1 . This follows immediately from comparing the two spectral 
sequences associated to the double complex defined by multiplication by an on F, . 
By the Auslander-Buchsbaum theorem, this shows that 

(29) VieiJ: dim ^ > 3 =S> depth Ml > 2, 

where x is considered as a scheme-theoretic point. From (14) we get an exact 
sequence of S"-modulcs 

(30) -> M 1 -4 O 1 ^) -> C 1 -> 0. 

Assuming that *4 ff is free, (29) applied to the localization of (30) at x shows that 
depth C\ > 1 for any x £ H oi codimension at least 3. However, by Proposition 4 
and our hypothesis I > 5, C 1 has codimension at least 3 in H. Thus, AssC 1 = 0, 
C 1 = 0, res^ is surjective, and A is free by [Yos05, Thm. 2.5]. □ 
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